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Abstract 

After introducing the sub-Riemannian geometry of the Heisenberg group H n , n > 1, we recall 
some basics about hypersurfaces endowed with the if -perimeter measure a H n and horizontal Green's 
formulas. Then, we describe a class of compact closed hypersurfaces of constant horizontal mean 
curvature called "Isoperimetric Profiles" (they are not CC-balls!); see Section fe.ll Our main purpose 
is to study a closed eigenvalue problem on Isoperimetric Profiles, i.e. Chs f + = 0, where Chs is a 
2nd order horizontal tangential operator analogous to the Laplace-Beltrami operator; see Section[T3] 
This is done starting from the radial symmetry of Isoperimetric Profiles with respect to a barycentric 
axis parallel to the center T of the Lie algebra f)„. An interesting feature of radial eigenfunctions is 
in that they are hypergeometric functions; see Theorem 12.101 Finally, in Section 12.31 we shall begin 
the study of the general case. 
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1 Introduction 

In the last decades, sub-Riemannian geometry has become a subject of great interest due to its connections 
with many different areas of Mathematics and Physics, such as PDE's, Calculus of Variations, Control 
Theory, Mechanics and, more recently, Visual Geometry (see [35] and references therein) and Theoretical 
Computer Science (see [7]). For references and comments we refer the reader to the seminal paper by 
Gromov, [17], Montgomery's book, [31], and the papers by Pansu, [35], Strichartz, [41], and Vershik and 
Gershkovich, [43] . 

In the context of sub-Riemannian geometry, Carnot groups provide a very large class of examples. 
They are connected, simply connected, nilpotent and stratifiecQ Lie groups which play in sub-Riemannian 
geometry a role analogous to that of Euclidean spaces in Riemannian geometry. A fundamental feature 
of Carnot groups is that they are homogeneous groups in the sense of Stein's definition (see [40]), and 

*F. M. was partially supported by CIRM, Fondazione Bruno Kessler, Trento, and by the Fondazione CaRiPaRo Project 
"Nonlinear Partial Differential Equations: models, analysis, and control-theoretic problems". 

1 A vector space E is stratified if there exist vector subspaces E\ , . . . , E^ of E such that E = E\ ffi ... 95 E^ . The subspacc 
Ei is called the i-th layer of the stratification while the integer k is the step of E. 
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this means that they are equipped with an intrinsic family of anisotropic dilations. The homogeneous 
dimension of any Carnot group is the weighted sum of the dimensions of each layer of the stratification 
and this integer equals the intrinsic metric dimension of the group, considered as a metric space with 
respect to the so-called Carnot- Car ntheodory distance. For an introduction to the geometry of Lie groups 
we refer the reader to Helgason, [18] ■ and Milnor, [27], while specifically for sub-Riemannian geometry 
to Gromov, [17], Pansu, [35], and Montgomery, [31] . Carnot groups nowadays represent an intensive 
research- field in Analysis and Geometric Measure Theory; see, for instance, [2], [4], [8], [IQlQj], [15 ] fTB ] . 
[21] . [22], [26], [29], [36], [37], but these references are far from being complete. 

Among Carnot groups, the most common ones are the so-called Heisenberg groups H", n > 1; see 
Section 11.11 Roughly speaking, as a manifold, H" can be regarded as C™ x K endowed with a suitable 
polynomial group law Its Lie algebra f)„ identifies with TqM" (i.e. the tangent space at € H n ). 
Let us introduce a left invariant frame J- — {X\, Y\, X n , Y n , T} for TH ra , where Xi = J^- — ^Jj, 
= ~§y~ + ^"§t an d T = §t- Denoting by [•, •] the Lie bracket of vector fields, one has 

[Xi, Yj\ = T for every i = 1, n, 

and all other commutators vanish. In other words, f)„ turns out to be nilpotent and stratified with 
center T, i.e. ()„ = H © H 2 , where H — span R {Ai, Y\, ...,Xi,Yi, X n ,Y n } is the horizontal bundle and 
H 2 = span R {T} is the vertical bundle. Later on, HP will be endowed with the left-invariant Riemannian 
metric h :— (•, ■) making J- an orthonormal frame. This metric induces a corresponding metric h H on H 
which provides a way to measure the length of horizontal curves. In fact, the natural distance in sub- 
Riemannian geometry is the Carnot- Caratheodory distance dec, defined by minimizing the (Riemannian) 
length of all piecewise smooth horizontal curves joining two different points^. 

The stratification of f)„ is connected with the existence of a 1-parameter group of automorphisms, 
called Heisenberg dilations, defined by S s (z,t) := (sz,s 2 t), where (z,t) e M 2 ™ +1 denote exponential 
coordinates of a point p € H™. The integer Q = 2n + 2 turns out to be the (homogeneous) dimension of 
H™ as a metric space with respect to the CC-distance dec- 

Let S C H" be a C 2 -smooth hypersurface. By definition, the characteristic set Cs $± S is the set 
of all points x £ S such that dim-ffic = dim(H x n T X S). In other words, x g S is non-characteristic if, 
and only if, the horizontal bundle H is transversal to TS at the point x. If S is non-characteristic, the 
unit H -normal along S is defined by v H :— > where v is the Riemannian unit normal along S and 

Vh : TW L — > H is the orthogonal projection onto H . Moreover, there exists a homogeneous measure 
cr 2 ,™ on S, called H -perimeter measure, which can be defined in terms of the Riemannian measure cr 2 / 1 on 
S. More precisely, one has 

a 2 "LS= \Phv\o- 2 ™ LS. 

We have to remark that the measure cr 2 ™ does not see characteristic points. Furthermore, denoting 
by S^T 1 the (Q — l)-dimensional spherical Hausdorff measure associated with dec: it turns out that 
o- 2 H n {S n B) = k(v H ) S^T 1 L(SflB) for all Borel set B, where k{v H ) is a density-function called metric 
factor, see |26j . On S\Cs, there are two important subbundles to be defined: the horizontal tangent 
bundle HS C TS and the horizontal normal bundle v H S. They split the horizontal bundle H into an 
orthogonal direct sum, i.e. H = v H S ® HS. On the other hand, at Cs C S, only the subbundle HS turns 
out to be defined, and in this case HS = H. 

Following the somehow general geometric approach begun in [29], in this paper we address the issue 
of studying a closed eigenvalue problem for a 2nd order horizontal tangential operator Chs , which is 
the sub-Riemannian analogous to the Laplace-Beltrami operator. More precisely, let grad HS denote the 
gradient operator on the horizontal tangent bundle HS. A simple way to define the operator Chs reads 
as follows: 

Chs if cr 2 " L S := d (grad HS <p J cr 2 ") L S 

for all C 2 -smooth function tp : S — > K, where grad H sf = grad H (p — (grad H tp,v H )v H . In this definition, 
d : A k {T*B n ) — > A fc+1 (T*H") is the exterior derivative and J : A k (T*W l ) — > A fc " 1 (T*H n ) is the 
"contraction operator" on differential forms; see [18], [13]. The importance of the operator C H s comes 
from some horizontal Green- type formulas discussed in Section ITT31 see also Section lL4l 

In a certain sense, what we are trying to do is to prove a sub-Riemannian generalization of the closed 
eigenvalue problem for the Laplacian on Spheres. Actually, we are interested to find explicit solutions to 
a "closed eigenvalue problem'lj for the operator Chs , in the special case of Isoperimetric Profiles. They 
are compact hypersurfaces which can be efficiently described in terms of a key-property of CC-geodesics. 

2 The last definition is motivated by Chow's Theorem, which implies that two different points can be joined by (infinitely 
many) horizontal curves. 

3 This means solving the equation Chs<£ + Ai^> = on a smooth compact (closed) hypersurface S C H n . 
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Let us sketch a picture in the 1st Heisenberg group H 1 . Remind that any CC-geodesic 7 in H 1 is 
either a Euclidean (horizontal) line or a suitable infinite circular helix of constant slope and whose axis 
is parallel to the center T of the Lie algebra f)i. In the second case, choose a point S £ 7 and take the 
(positively oriented) T-line V over this point. There exists a first consecutive point to S, denoted by Af, 
whicfQ belongs to V. These points, henceforth called South and North poles, determine a minimizing 
connected subset of 7. The slope of this helix is uniquely determined by the CC-distance of the poles. 
Now rotating (around the vertical axis from Af to S) the curve joining the poles yields a closed convex 
surface very similar to an ellipsoid, henceforth called Isoperimetric Profile. A similar description can be 
done in the general case. Hereafter, we shall denote by §h™ the unit Isoperimetric Profile of H"; see 
Section O 

We also stress that Isoperimetric Profiles are constant horizontal mean curvature playing in Heisenberg 
groups an equivalent role of spheres in Euclidean spaces. In this regard, there is a longstanding conjecture 
claiming that Isoperimetric Profiles minimize the H -perimeter measure among "finite _ff-perimeter sets"0 
having fixed volume; see g], [TO], [TT], [13], [3T], [21 [23], E5, [35], [33], [33J[3I], [37]. For this reason, it 
seems interesting to study some features of these sets from a sub-Riemannian point of view. 

The plan of the paper is the following. After introducing in Section [1.1 1 the sub-Riemannian geometry 
of Heisenberg groups H™, n > 1, we overview some basic facts concerning the theory of hypersurfaces 
endowed with the H -perimeter measure a H n . We also prove some useful geometric identities for the 
sequel; see Section [TT2l In Section IT731 and Section lL4l we discuss some horizontal divergence formulas. In 
Section [2. II we briefly describe Heisenberg Isoperimetric Profiles. In Section [L5j we examine some general 
features of the closed eigenvalue problem for the operator Chs on compact closed hypersurfaces, i.e. 

J CHs(fi — —X(p on 5 \ Cs 

see Problem 11.291 As already said, our main interest concerns the case of Isoperimetric Profiles and so 
we shall choose S = §h™ • 

Remark 1.1. Let Cp denote the best constant in the following Poincare-type inequality 

[ V 2 a H n <C P { \grad HsV \ 2 o- 2 H n 

for all ip belonging to the horizontal Sobolev space TY^Sh™ , o H n ) such that J*~ l ~po H n = 0. Then, it turns 
out that 

where (i is the 1st eigenvalue of Problem ] 1.29[ see Section \1.5\ 

Our starting point is the radial symmetry of Isoperimetric Profiles with respect to a barycentric axis 
parallel to the center T of f)„; see Section [2~2l In this way, we reduce ourselves to a radial eigenvalue 
problem; see Problem 12.41 Therefore, we have to study an O.D.E. of hypergeometric type, which can be 
explicitly integrated by classical methods for hypergeometric equations. The spectrum of Chs on radial 
functions is found by using some natural mixed conditions for this problem. Eigenfunctions turn out 
to be hypergeometric functions; see Theorem 12.101 Then, after studying the radial case, in Section 12.31 
we overview some features of the general case. Among other things, we prove that the spectrum of Chs 
contains the radial spectrum; see Proposition 12.221 This is done by showing that the spherical mean 
of each eigenfunction of Chs associated with an eigenvalue A (whenever different from 0) must be an 
eigenfunction of the radial eigenvalue problem associated with A. This fact raises the following question 
(see e.g. Remark |2.24|) : 

7s the 1st eigenvalue of Problem ll .2 ( A equal to the first eigenvalue of Problem \2.4\ ? 

Finally, by applying a standard trick (see [M]) we will prove some related inequalities; see Corollary |2.26l 
and Corollary 12.241 These inequalities are stronger than what one might expect and this fact seems to 
suggest a positive answer to the previous question. 



4 This point can be interpreted as the cut point of S along 7. In fact this is the end-point of all CC-geodesics starting 
from S with same slope. Note however that, strictly speaking, the cut locus of any point in BP 1 (n > 1) coincides with the 
vertical T-line over the point. 

5 In the variational sense; for a definition, see [151 - 
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1.1 Heisenberg group HP 

The n-th Heisenberg group (H™,*), n > 1, is a connected, simply connected, nilpotent and stratified 
Lie group of step 2 on R 2n+1 , with respect to a polynomial group law *; see below. Its Lie algebra 
h„ is isomorphic to the (2n + l)-dimensional real vector space R 2 ™ +1 and it will be identified with the 
tangent space at the identity of H n , i.e. h„ = TqW 1 . We shall adopt exponential coordinates of the 
1st kind. Hence every point p £ H™ identifies with an ordered (2n + l)-tuple of the Lie algebra f) n , i.e. 
p = cxp (xi,yi, Xi, yt, x n , y n , t). For simplicity, (z, t) £ R 2 ™ +1 will denote exponential coordinates of 
a generic point p £ HI™. In order to describe the algebraic structure of h„, let us fix a global left-invariant 
frame T := {X x , Y x , X t , Y u X n , Y n , T} for TH", where we have set 

*m-55-!s' *<"~& + f5 <> = i, ■-»>. 

for every p £ H™. Denoting by [•,■] the Lie bracket of vector fields, one has [JQ,Y^] = T for every 
i = l,...,n, and all other commutators vanish. Hence, f)„ turns out to be a nilpotent and stratified Lie 
algebra of step 2 with center T, i.e. f)„ = H H2, where H := span R {Xi, Y x , Xi, Yi, X n , Y n } and 
H2 = span K {T}. The first layer H is called horizontal, whereas the second layer, spanned by T, is called 
vertical; they are both smooth subbundles of TH™. 

The Baker- Campbell-Hausdorff formula uniquely determines the group law ★ of H™, starting from the 
"structure" of its Lie algebra h„; see [9]. More precisely, we have 

expX * expY — exp (X o Y) for every X, Y £ h n , 

where o : f)„ x h„ — y h n is the operation defined by Xoy := X + Y + h[X,Y]. Therefore, for every 
p = cxp{xi,yi, ...,x n ,y n ,t), p' = exp{x' l ,x/ 1 , ...,x' n ,y' n ,t!) £ HP, it follows that 

p*p' := exp ^xi +x[,yi + y[, x n + x' n , y n + y' n , t + t' + ^ ^ (^y- - x-y,)^ . (1) 

Hence, the inverse of any p £ H™ is p^ 1 :— cxp{—x\, —y\..., —x n , —y n , —t) and = cxp (0g2n+i). 

Definition 1.2. A sub-Riemannian metric h H is a symmetric positive bilinear form on the horizontal 
bundle H C TH™. The CC-distance dcc{P:P r ) between p,p' £ H™ is defined by 



dcc(p,p') ■= inf J y/h H ( A /,j)dt, 



where the infimum is taken over all piecewise- smooth horizontal curves 7 joining p to p' . 

By Chow's Theorem, every couple of points can be connected by a horizontal curve (not unique, in 
general) and this implies that dec is a metric on H n . The topology generated by the CC-metric turns 
out to be equivalent to the standard topology on R 2 ™ +1 ; see [17], [51] . 

From now on, we will equip TH™ with the left-invariant Riemannian metric h := (•, •) making J- an 
orthonormal frame and assume h H := h\u- 

The structural constant^ of the Heisenberg Lie algebra f) n are completely described by the skew- 



6 Let g = R" be a Lie algebra with respect to [•, ■], let (■, ■) be a Euclidean metric on g and let T = {Xi, ...,X n } be an 
o.n. basis of g. The structural constants of g associated with T are n 3 smooth functions defined by 

Of. := ([XuXjlXr) i,j,r = l,...,n. 

The structural constants embody all algebraic features of g; see [18} . They satisfy the following properties: 

(i) C\ 3 + CJ 4 = Q (Skew-symmetry) 

(ii) E"=i C\fii m + C) m C\ r + C) r C ] ml = (Jacobi Identity). 
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We remark that C H n+1 is the matrix associated with the skew-symmetric bilinear map T H : H x H — > R 
defined by T H (X,Y) = ([X,Y],T). 

For every p € H", we denote by L p : H" — > H" the left translation by p, i.e. L p p' := p*p' . The map 



L p is a group homomorphism and its differential L Pjf : To 



TpW 1 is given by 
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Equivalently, one has L Pjf = co\[X\{p), Y\(j>), 
exists a 1-parameter group of automorphisms S s 



X n (p),Y n (p),T(p)]. A key feature of I™ is that there 
W — > H" (s > 0), hereafter called Heisenberg dilations, 



defined by S s p := exp 



~tj for every s > 0, where p = cxp(z,t). As already said, the homogeneous 



dimension of M n with respect to the intrinsic dilations is the integer given by Q := 2n + 2 which equals 
the Hausdorff dimension of H™ as a metric space with respect to the CC-distance dec', see also [51] , 

We shall denote by V the unique left-invariant Levi-Civita connection on H" associated with the 
metric h = (•, •). We recall that, for every X, Y, Z G X := C°°(H' 1 , TH") one has 

(v x r,z) = 1 «[x,yU) - (M,*) + (frAW); 

for more details, see [33 . For every I.Yel, := C^H™, H), we shall set V H X Y := Vh {V x Y), where 
Vh denotes the orthogonal projection onto H. The operation V H is a vector-bundle connection, called 
H -connection; see [29] and references therein. It is not difficult to show that V H is flat and compatible with 
the sub-Riemannian metric h H , i.e. X(Y,Z) = (\7^Y,Z) + (Y, Vj^Z) for all A, Y e X H ■ Furthermore, 
V" is torsion-free, i.e. V^Y - Vf- A - Vh [A, Y] = for all A, Y e X ff . All these properties follow from 
the very definition of V H by using standard features of the Levi-Civita connection V on H™. 

Definition 1.3. For every ip € C°°(IHI™) the .//-gradient of if) is the unique horizontal vector field 
grad H ip € X H such that (grad H ip,X) = dip(X) — Xip for all X G H. The //-divergence div H X of 
any X G X H is given, at each point p € H n , by div H X{p) := Trace (Y — > VyX) (p) (Y e H p ). The 
77-Laplacian A H is the 2nd order differential operator defined by 



AhiP := div H {grad H ip) for every ip £ C°°(IHI n ). 



We now recall some basic notions about left invariant forms on H" 
frame T and by dualitjH, we define a global coframe T* :— {X*,Y* 
invariant 1- forms for the cotangent bundle T*H n , where 



Starting from the left invariant 
..,A*,Y 2 *,...,A*,Y„*,T*} of left 



X* = dxi 



1 " 

dyi (i = l,...,n), T* = dt + - ^ (y i dx l - Xjdyi) 



We shall set 8 :— T* to denote the so-called contact 1-form of HP. 

Finally the top-dimensional left-invariant volume form cr'^ l+1 of H" is defined by 



o-l n+1 := [f\dx t A d Vi 



A 9. 



The measure obtained by integration of <r^ n+1 equals the Haar measure of 



7 The duality is understood with respect to the fixed left-invariant metric h on H". More generally, if (M,h) is a 
Riemannian manifold and X g TM, then X*(Y) := h(X, Y) for every Y G TM. 
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1.2 Hypersurfaces, measures and some useful formulas 

Let S C H™ be a C 1 -smooth hypersurface and denote by v its (Riemannian) unit normal. We have 
" = Eti «"i X i) X i + . *W + ^ T, where 

WAj = , = i = l,...,n, 



Z)i=i ((^> n Eu)|2„+i + (^,n Eu )2 2ii+1 ) + (T, n Eu 



2 

K 2 "+ 1 



(i/.YO = (r " nE " )R2 " +1 i = i, 



Si=i ((^i; n Eu)g2 n+ i + (Yi, n E u)g 2n +i) + (T,n Eu 



1+1 



/ (T 1 ,n E „) R 2«+i 

(v,T) = = =: z/ T - 

yEi=i ((-^ti n E«)j 2n+ i + (y,n E u}g 2 n + i) + (T, n Eu )g 2 n+l 

In the above formulas, n Eu denotes the Euclidean unit normal along S and (•, -) R 2n+i is the standard 
metric on M 2n+1 . 

The Riemannian measure <7r™ on a smooth hypersurface S can be defined as contraction^ of the 
top-dimensional volume form <7 TC " + by the unit normal z/ along S, i.e. cttc 1 !— 5 1 := [y J o"tc 1+1 )|s- 

We say that p G S is a characteristic point if dim = dim(i? p n T P S). By definition, the characteristic 
set of 5 is the set of all characteristic points, i.e. Cs ■= {x G S : dim_ff p = dim(_ff p n T P S)}. It is worth 
noting that p G Cs if, and only if, \Vnv(p)\ = 0. Since \Phv(p)\ is continuous along S, it follows that 
Cs is a closed subset of S, in the relative topology. We also remark that characteristic points are few, 
since under the preceding assumptions, the (Q — l)-dimensional Hausdorff measure of Cs vanishes, i.e. 
^■CC X { C s) = 0; see, for instance, [2], [3J]. 

Remark 1.4. Let S C H™ &e a C 2 -smooth hypersurface. A straightforward application of Frobenius 
Theorem about integrable distributions shows that the topological dimension of Cs is strictly less than 
(n + 1); see also lltf . For other results about the size of Cs in HP, see f^/. 

In the sequel we will need another measure on hypersurfaces, the so-called H -perimeter measure; see 
HH, HnHH], EE], ESUH], [33], [SI], ISZ] and references therein. 

Definition 1.5 ((T^-measure). Let S C HP be a C 1 -smooth non- characteristic hypersurface and let v be 
the unit normal vector along S. The normalized projection off onto H is called unit iT-normal along S, 
i.e. v H := ■ppj^y- The -ff-perimeter form a H n G f\ 2n (T*S) is the contraction of the volume form £J^ n+1 of 
HP by the horizontal unit normal v H , i.e. cr H n \_ S := (y H _ I \ s - 

If Cs 7^ we extend a H n up to Cs by setting o H n \— Cs = 0. Moreover, it turns out that 

a H n \-S =\Vh v\ a 2 ! 1 L S. 

At each point p G £ \ Cs one has -ff p = span R {^ ff (p)} © i/p^, where := H p fl TpS. So we can define, 
in the obvious way, the associated subbundlcs HS C TS and v H S called, respectively, horizontal tangent 
bundle and horizontal normal bundle along S. 

Remark 1.6. We have AivaHpS = dim_ff — 1 = 2n — 1 at each point p € S \ Cs- Note that the definition 
of HS makes sense even if p G Cs, but in such a case dimH p S = dim_ff p = 2n. 

With respect to the horizontal o.n. frame F H ■= {Xi,Yi, ...,X n ,Y n }, the unit i7-normal v H can be 
written out as v B — J27=i {{ v HJ X i) x i + ( y H->Xi)Yi), where 

/ v y (Xj,n Eu ) R 2„ + l . 

{u B ,Xi) := i=l,..., n, 



\JYa=1 ((^i) n Bu) R 2r, + l + (Y, n Eu )2 2n + 1 ) 

(yj,n Eu ) R 2^+i 

J27=l ((^. n E«)i2»+i + (Y, n E u) R2 „ + i) 



8 Let M be a Riemannian manifold. The linear map J : A r (T*M) -» A r ~ 1 (T*M) is defined, for X g TM and 
cj r £ A r (T*M), by (X _\ uj r )(Y\, ...,Y r -\) := u> r (X, Y\, Y, — i); see, for instance, 1131 . This operation is called contraction 
or interior "product. 
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Another important geometric object (see [H]) is given by w := vpfu]- Clearly, w is not defined 

at Cs, but one has w G L] oc {S ', a 2n ) . 

Notation 1.7. We set z 1 - := -C 2 H n+l z = {-y 1 ,x 1 ,...,-y n ,x n ) G K 2 ™ and X 1 - := -C 2 H n+1 X, for every 
X G H. In particular, the horizontal tangent vector field vr- is called characteristic direction along S. 
We also set C a (w) := vj C 2 H n+1 . Note that C H {w)v H = -wv^ = -ro^ti (-{v a ,Yi)Xi + (v H ,Xi)Yi). 

Definition 1.8. Let S C H™ be a C 2 -smooth non- characteristic hypersurface. We call adapted frame 
along S any o.n. frame J- := {n, ...,T2 n +l} for TW 1 such that: 

(i) Tils = V H , (h) H p S = span R {r 2 (p), ...,T 2n (p)} for every p£ S, (hi) r 2 „+i := T. 

We also set I H := {1 , 2, 3, 2n} and Ins '■= {2, 3, 2n}. 

Lemma 1.9. Let S C H™ 6e a C 2 -smooth non- characteristic hypersurface and p £ S . Then, we can 
always choose an adapted o.n. frame T = {t\, T2„+i} along S such that (VxTi, Tj) =0 p /or every 
i,j € /as anrf every X g i/pS 1 . 

For a proof, see Lemma 3.8 in [25]. The next definitions can be found in (35), for fe-step Carnot groups. 
Later on, unless otherwise specified, we shall assume that S C H™ is a C 2 -smooth non- characteristic 
hypersurface. 

Definition 1.10. Let i = 1,2. We shall denote by C HS (S) the space of functions whose i-th HS- 
derivatives are continuous on S. Analogously, for any open subset IA C S, we set C l HS (U), to denote the 
space of functions whose i-th HS -derivatives are continuous in U . In particular, since Cs is closed, we 
may take U = S\ Cs ■ 

Warning 1.11. The last definition extends to the case Cs ^ by requiring that all i-th HS -derivatives 
be continuous at each characteristic point p G Cs; see also Remark \1.6l 

Let V TS denote the connection on S induced from the Levi-Civita connection V on H™. We define a 
partial connection V HS associated with the subbundle HS C TS by setting 

Vf Y := Vhs (V T x Y) for every X, Y G 3L\ S := C 1 (S, HS) 

Starting from the orthogonal decomposition H = u H S © HS, it can be shown that 

Vf Y = Vf F - ( Vf Y, v H ) v H for every X, Y G . 

Definition 1.12. Given ip G Cj, s (S), we define the //^-gradient of -0 to be the unique horizontal tangent 
vector field grad HS ip G X^ s := C(S,HS) such that (grad HS ip,X) — dip(X) — Xip for every X G HS. The 
HS '-divergence div H s X of any X G X]f S is defined, at each point p G S , by 

div HS X{p) := Trace (Y — ■» Vf X) (p) (Y G H p S) 

and one has div H sX G C(S). The _ffS*-Laplacian A HS is the 2nd order differential operator given by 

Ahs ip :— divns {grad HS ip) for every tp G C 2 S (S). 

Definition 1.13. The horizontal 2nd fundamental form of S, B H : Xj, s x X^ s — > C(5), is the bilinear 
map given by B H (X, Y) := (Vf Y, v H ) for every X, Y G X„ s . The horizontal mean curvature is the trace 
of B„ , i.e. Hh := TrB H . The torsion T„ s of V HS is defined by T HS (X, Y) := Vf Y - Vf X - Vn [X, Y] 
for every X, Y G X„ s . 

If n = 1 the torsion is zero. Nevertheless, if n > 1 the torsion does not vanish, in general, because B H 
is not symmetric; see |29j . 

Notation 1.14. Let X G X H and let 4> G C 2 (H"). We shall denote by X{4>) := (grad H (f>,X} and 
X^(cj}) := X(X ((/))), the 1st and 2nd derivatives of (f> along X, respectively. Furthermore, functions 
defined on S will be thought of as restrictions <p\s to S of functions defined on H™. 

Now we prove some identities useful for the sequel. 

®Vhs '■ TS — > HS denotes the orthogonal projection operator of TS onto HS. 
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Lemma 1.15. Let S C H n be a C -smooth non- characteristic hypersurface and let (j> £ C°°(H n ). Then 

deb 

Aas 4> = Ah (j> + Hu (Hess ff 4> v H , v H ) . (2) 

Proof. Using an adapted frame J- ', we compute 

= r 1 (2) (0)-(V? i r 1 )(0)+ ]T ((r i (a) -V»r i )(^)-<V? 1 r„r 1 )r 1 (0)) 



= t[ Z) {4>) - (V^n) (<£) + A HS( f>-n H n(4>). 

Note that the first and the last identities come from the usual invariant definition of the Laplace operator 
on Riemannian manifolds (or vector bundles); see [20]. Now we claim that 

4 2 \cf>) - (v*n) (0) = (HasMn.n) . 

Assuming n = S ie/jf A* ^ yields 

r[ 2 \<f>)= J2r 1 (AlX i (ct>))= ]T (n^J+^W))). 

Since 



V ^7 



the claim follows because 

rf^)- (V«n)(0) = ^ 4 1 ^ 1 X J (X(0)) = (Hess^T 1 ,r 1 ). (3) 

□ 

Lemma 1.16. Lei 5 C H™ 6e a C 2 -smooth non- characteristic hypersurface. Then 

v^ = — + «^- 

Proof. We make use of an adapted frame T and identity (ii) of Lemma 3.12 in 29 . In the case of H" 
this identity can be rewritten as follows: 

where t 2 t ^ +1 := T2 n +i — vot\ = T — tui^. Therefore 

(Vf.ife.T;) - w(viv„, Tj ) = Tj(w) + \ {Cl^u^+w 2 (Cl n+1 v H ,r 3 ) for every j G /as. 

By using (iii) of Lemma 3.13 in [29], we also get that (Vf.fc H ,Tj) = | (C 2n+ V /f , r,-) and the thesis easily 
follows. □ 

Note that, as a byproduct of identity ([3]) and Lemma \l .161 we immediately get the next: 

Lemma 1.17. Let 5ci™ be a C 2 -smooth non- characteristic hypersurface. Then 

(Hess ff 4>v H ,v H ) = — — + ( , grad^ 



cV 2 \ tJ7 / di^ 

/or every e C°°(EP). 
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1.3 Horizontal integration by parts 

First, let S C HP be a C 2 -smooth non-characteristic hypersurface. 

Definition 1.18 (Horizontal tangential operators). Let V H s ■ — > C(S) be the 1st order differential 
operator given by 

V„s(X) := diVnsX + w{Cl n+x v B ,X) = div HS X - ru(^, X) for every X £ X\ s . 
Furthermore, let Chs '■ C HS (S) — > be the 2nd order differential operator defined as 

Chs ip := A HS p — Tx-tr-r for every p £ C 2 S (S). 

Note that T> H s(pX) = pT> H sX + (grad HS p,X) for every X £ X HS and every cp £ C HS (S). Moreover 
Chs <p = T>hs (grad HS tp) for every ip £ C 2 S (S). 

The previous definition is motivated by Theorem 3.f 7 in [29] . For the sake of simplicity, let us illustrate 
the case of the 1st Heisenberg group H 1 . 

Remark 1.19. Let Sci 1 be a smooth non- characteristic surface. The H -perimeter form a 2 is given 
by er 2 L S — ( l/ ff L )*^^lsi where {v^)* := —v Hv dx-\-v Hx dy. Note that since HS is 1- dimensional, turns 
out to be the unique horizontal tangent direction along S . Now let us compute the exterior derivative of 
the 1-form (X _l a 2 )\s, for any X £ Xj, s . Assuming X = fvr, for some smooth f : S — > M, yields 

d(X J al)\ s = d (X J ((^)* A 8)) \ s = d(f8)\ s = (df A 6 + fdO) \ S . 

Since d6 = —dx A dy, by means of a linear change of variables, we immediately get that 

dO\s = -{y E y A = -wa\ |s. 

Finally, since iy H )* A 6\s — 0, we obtain 

d{XJal)\ s = (i^f-fw) a 2 H \s =V HS (X)a 2 H \ s . 

Now let dS be a (piecewise) (2n — l)-dimensional C^-smooth manifold, oriented by its unit normal 

vector n £ TS and let cr 2 / 1-1 be the Riemannian measure on dS, i.e. cr 2 / 1-1 !— dS = (77 I a^)\ as- If 

X £ C(S, TS), then (X J a 2 H n )\ 9s = {X,ri}\Vav\ a^^dS. The characteristic setC as oidS is defined 
as Cgs : = {p £ dS : \Puv\\P H sr]\ = 0}. The unit HS-normal along dS is given by r/ H s ■= re^^i an d we 
may define a homogeneous measure a 2 ,™ -1 along dS by setting ex 2 ,™ -1 L dS :— (t]bs J a 2 / 1 ) \gs- As for the 
-ff-perimeter, the measure <x 2 ™ -1 can be represented by means of the Riemannian measure c^,™ -1 and it 
turns out that a^' 1 ]_dS= \V„ v\ \V„ S rj\ o 2 ^ 1 L dS. 

The following horizontal integration by parts formula can be found in [29) . 

Theorem 1.20. Let S C HP be a C 2 -smooth compact non- characteristic hypersurface with piecewise 
C 1 -smooth boundary dS. Then 

f V„s (X) a 2 H n = - f U H (X, v B ) a 2 " + f (X, q m ) a 2 ?" 1 for every X £ X\ . 

JS JS JdS 

Remark 1.21. Let S C HP be C 2 -smooth compact hypersurface with piecewise C 1 -smooth boundary 
dS. As already said, in this case it turns out that diniEu-Hau(Cars) < n. Just for the case n = 1, 
we will further suppose that Cs is contained in a finite union of C 1 -smooth horizontal curves. Under 
these assumptions, one can show that there exists a family {W e } e >o of open subsets of S with piecewise 
C 1 -smooth boundaries such that: 

(i) Carg <e U t for every e > 0; 

(ii) al n (U e ) -^0fore^0+; 

Sbu. \ VbV \ ^ -^0fore^0+. 
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By using (Hi) above, we infer that a 2 ™ -1 (dl4 e ) — > for e — > + . Therefore, in order to extend Theorem 
\1.20\ to the case Cs ^ 0, it is then sufficient to apply it to the non- characteristic hypersurface S e :— S\U e . 
We have 

[ V HS (X) a 2 H n = - I Hh{X,v h ) al n + [ (X, n HS ) <%T 1 - / (X, n HS ) cr 2 ™" 1 . (4) 

JS e JS e JdS JdU E 

Note that div„ s X = div„X - {(J„X)v H ,v H ) G C(S \ C s ) n L°°{S). Furthermore, since w G L 1 (S, af 1 ), 
by using dominated convergence and (ii), we get that 

lim / {div H sX + {C H {vj)v H ,X))a 2 H n = [ {div HS X + {C „ {m)v H , X)) a 2 H n . 

e-»0+ 



S t JS 
It is not difficulW\ to show that Tin G L 1 (S', erf"). Therefore 

f H B {X,v a )<&= lim / H B {X,u B )ap. 
Js Js e 

Finally, by applying (in), we see that the integral over dU e in (QJ goes to as long as e — > + . This shows 
the validity of Theorem ] 1.2(A even if Cs 7^ 0- An analogous argument can be used, in order to prove the 
validity of some Green-type formulas up to Cs, at least if we consider functions belonging to C HS (S). 

We now collect some useful formula concerning the operator Chs ■ 

Theorem 1.22. Let S C HP be a C 2 -smooth compact hypersurface with piecewise C 1 -smooth boundary 
dS. If n = 1, assume further that Cs is contained in a finite union of C 1 -smooth horizontal curves. 
Then, the following hold: 

(i) J s Chs <p cth 11 — for every compactly supported ip £ C HS (S); 

(ii) J s C„s <p cr 2 " = J gs dip/dvus cr^T 1 for every <p G C 2 HS (S); 

(hi) J s ip Chs <p o~1, n = f s (pCHsip°~H n for every compactly supported tp, ip G C 2 rs (S); 

( iv ) /s(V" Chs<p-*P £hs ip) o 2 H n = f ds (4>dtp/dn H s - tpdip/ dn HS ) o 2 ^ 1 for every <p, ip G C 2 HS (S); 

(v) f s ipC H spo- 2n = - f s (grad HS ip, grad HS ip) a 2 H n + J gs ^dp/dvas cr 2 ,? -1 for every p, ip G C 2 HS (S); 

(vi) / s Chs (p 2 ) a 2 H n =2J S ipC HS p cr 2 "+2 f s \grad HS p\ 2 a 2 H n = f gs d<p 2 /dn H s cr 2 ™" 1 for every p G C 2 S (S) . 

Proof. See [29] for the non-characteristic case. If Cs ^ 0, the proof follows by arguing exactly as in 
Remark rOTJ □ 

We end this section by stating a first consequence. 

Proposition 1.23 (Hopf's Lemma). Let S C H™ be a C 2 -smooth closed hypersurface. Ifn — 1, assume 
further that Cs is contained in a finite union of C 1 -smooth horizontal curves. If p is a C 2 S -smooth 
function such that Chs p > everywhere in S \ Cs, then p is a constant function and Chs p = 0. 

Proof. Since dS — 0, by using (iii) in Theorem II .22[ we have J s C H sp — and since Chs p > 0, it follows 
that Cnsp — on S\Cs- Thus we get that J s \grad HS p>\ 2 o- 2n — and hence \grad HS tp\ = 0. Now we claim 
that p must be constant. If n > 1, this follows by the bracket-generating condition (i.e. [HS, HS] = TS) 
which is satisfied by the horizontal subbundlc HS of any smooth non-characteristic hypersurface S C HP. 
Note that under our assumptions, S \ Cs turns out to be a finite union of non-characteristic open and 
connected subsets of S. Hence, the claim follows by the continuity of ip. If n = 1, arguing as above 
implies that p is constant along each leaf of the so-called characteristic foliation of S and the thesis easily 
follows. □ 



1 T j , . .1 . i<u 1 \div H (V H v)-(grad H \V H v\,v„)\ 

J indeed, note that \Hh = J p= 1 — -. 
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1.4 Further remarks about the horizontal integration by parts up to Cs 

It is well-known that Stokes formula is concerned with integrating a fc-form over a fc-dimensional manifold 
with boundary. A common way to state this fundamental result is the following: 

Proposition 1.24 (Stokes formula). Let M be an oriented k- dimensional manifold of class C 2 with 
boundary dM . Then 

da = a 
Jm JdM 

for every compactly supported {k — l)-form a of class C . 

One requires M to be of class C 2 for a technical reason concerning "pull-back" of differential forms. 
Without much effort, it is possible to extend Proposition II. 241 to the case where: 

(*) M is of class C 1 and a is a (k — l)-form such that a and da are continuous. 

For a more detailed discussion we refer the reader to the book by Taylor [32] ■ Nevertheless, it is worth 
noting that much more general versions of Stokes formula are available in literature (see, for instance, 
13 ) and that researches aiming to generalize it are still intense. 

In our setting, we have already discussed horizontal integration by parts formulas. However, the 
previous condition (*) can easily be used in order to extend our formulas to vector fields (and functions) 
possibly singular at the characteristic set Cs- More precisely, let S C EP be a C 2 -smooth hypersurface 
with piecewise C 1 -smooth boundary dS and let X € C 1 (S' \ Cs,HS). Furthermore, set 

a x := (XJa 2 H n )\ s . 

Then, condition (*) simply requires that ax and dax be continuous on S. Note that X is of class C 1 
out of Cs but may be singular at Cs- 

Definition 1.25. Let X £ C 1 (S'\ C s , HS) and set a x := (X J cr 2 ")| s . We say that X is admissible (for 
the horizontal divergence formula) if and only if the differential forms ax and dax are continuous on 
all of S . Furthermore, we say that (f> £ C 2 S (S\ Cs) is admissible if, and only if, grad HS (p is admissible 
(for the horizontal divergence formula). 

In other words, we have the formulas: 

• f s V HS (X) a 2n = J gs (X, r] HS ) all 1 ' 1 for every admissible IeC 1 (S\ C S ,HS); 

• f s C H s4>cr 2n = J ds (grad HS tp, t]hs) (Tj™ -1 for every admissible <p € C 2 S (S \ Cs, HS). 

For later purposes, we have now to define a space of "admissible" functions for the horizontal Green's 
formulas (iii)-(vi) of Theorem 1 1.221 

Definition 1.26. We say that <f> £ C 2 S (S\ Cs) is admissible for the horizontal Green's formulas if, and 
only if ipgrad HS (f> is admissible (for the horizontal divergence formula) for every ip £ C 2 S (S'\ Cs) such 
that ?p grad HS ip is admissible (for the horizontal divergence formula). We shall denote by <&(S) the space 
of all admissible functions for the horizontal Green's formulas. 

Obviously, the formulas (iii)-(vi) in Theorem 11.221 extend to functions belonging to the space <P(S) of 
all admissible functions for the horizontal Green's formulas. 

1.5 Closed eigenvalue problem for C H s 

Let S C H n be a compact closed C 2 -smooth hypersurface and denote by L 2 (S,a 2 J L ) the space of all 
cr^-measurable functions / on S such that J s \ f\ 2 cr 2n < +00. Obviously, L 2 (S,a 2n ) is a Hilbert space 
with respect to the inner product (•,•) defined by (f,g) :— J s fgcr 2n for every f,g £ L 2 (S,a 2n ). Its 
associated norm is denoted by || ■ ||. For cr 2rl -measurable horizontal tangent vector fields we define an 
inner product (with associated norm || • ||q) by setting 

(X,Y) := j(X,Y)<fr (\\X\\ 2 := ^|X| 2 <r|"V (5) 

The resulting metric space, denoted by C 2 (S, <r 2 ™), identifies with the space of a 2 ™ -measurable horizontal 
tangent vector fields for which the integral (O is finite. If / £ C\ s (5) and X £ X^ s = C 1 (S', HS), then 

{grad HS f,X) = -{f,V HS X). 

However, we would like to include in our analysis, more general functions. 
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Definition 1.27. Given a function f £ L 2 (S, cr 2 ™), we say that Y £ C 2 (S, cr 2 ™) is a HS-weak derivative 
of / if, and only if, one has (Y, X)o = — J g fT> H s X a 2n for every X £ X„ s . 

Since it is not difficult to show that there exists at most one such Y £ C 2 (S,o- 2n ), we shall write 
Y = gradffsf. In the sequel, we will denote by H(S,a 2n ) the subspace of L 2 (S,a 2n ) of functions having 
-HS-weak derivatives. This space is endowed with the inner product (/, g)x :— (/, g) + (grad HS f, grad HS g)o 
with associated norm := ||/|| 2 + \\grad HS /||q. 

Remark 1.28. We stress that the space ^(S) of all admissible functions for the horizontal Green's 
formulas is a subspace of TL(S,a 2n ). 

The energy integral in H(S, cr 2 ™) is the symmetric bilinear form defined by 

£(f,g) : = / (grad HS f,grad HS g)a 2 H n 
Js 

for every f,g£H(S,a 2 H n ). 

Here we are concerned with the validity, under suitable assumptions, of the formula: 

(Cms 4>,f) = -£&,/). (6) 

By the results of Section [L3l this formula holds true for every <j) £ C 2 S (S) and for every / £ C HS (S). 
More generally, let us assume <f> £ ^{S); see Definition 1 1 . 2 61 in Section rOl In this case formula © defines 
a linear functional on C^ s (S) as a subspace of H(S,a 2n ) satisfying: 

|-M/)| ^ \\g rad Hs<P\\o\\grad HS f\\ < \\ grad HS (j>\\ \\f Wi- 
lli other words, turns out to be a bounded linear functional on C„ S (S) C H(S,cr 2 , n ) with norm 
bounded from the above by ||grad ffs 0||o and so it can be extended to a bounded linear functional on all 
of H(S, o~ 2n ). Therefore, formula ((6]) turns out to be valid for every <fi £ $(S) and every / £ W(S,o- 2n ). 
We are now in a position to formulate the closed eigenvalue problem for the operator Chs ■ 

Problem 1.29. Let S C H" be a compact closed hypersurface of class C 2 . The closed eigenvalue problem 
for the operator Chs on S is to find all real numbers A for which there exist non-trivial solutions ip £ <&(S) 
to the following 

£ H sf = —Xf onS\Cs 
Is <P <^ = 0. 

Some remarks are in order. 



(P) 



//</>€ * s an eigenfunction of Problem ] 1.291 then its eigenvalue A must be non-negative. The 

proof of this claim is based on the identity J s (4>Chs <fi + \grad HS </>| 2 ) cr 2 ™ = 0, from which we get 

\grad HS <P\ 2 o- 2 H n = - f Chs <fr o- 2n — A f <j> 2 a 2 H n . 
s Js JS 

Note that if A = 0, it follows that <j> must be constant along S; see Proposition II .231 Hence Ao = 
cannot be an eigenvalue of Problem 11.291 

• Eigenspaces belonging to different eigenvalues are orthogonal in L 2 (S,o~ 2n ). This follows basically 
from formula (iii) in Theorem 11.221 i.e. 

(<PChs^~^Chs<P) a 2 ™ =0. 

Indeed, let </>, ip be eigenfunctions of A and r, respectively Then 

(^C„s V> - ^Chs<p) Cr 2 ™ = (A — t) / ^^<7 2 H n = 0. 



The dimension of each eigenspace is called the multiplicity of the eigenvalue. Later on, we shall 
list the eigenvalues as < Ai < A 2 < . . . /~ +oo, with each eigenvalue repeated according its 
multiplicity. 



12 



Theorem 1.30 (Rayleigh's Theorem). Let S C HP be a C 2 -smooth compact closed hypersurface and 
let us consider the closed eigenvalue problem for the operator Cos on S; see Problem ] 1.291 Assume that 
there exist eigenvalues 

< Ai < A 2 < . . . /* +oo, (7) 

where each eigenvalue is repeated the number of times equal to its multiplicity. Then, for every non-zero 
function f G W(S, o~ 2n ) one has X\ < y jf i ' 1 2 > with equality if and only if, f is an eigenfunction of X\. 
If {4>i, 4>2, . . .} is a complete orthonormal basis of L 2 (S,a 2n ) such that <f>j is an eigenfunction of Xj for 
every j — 1, 2, then for any non-zero function f £ H(S, a 2 ,") such that (/, </>i) = ... = (/, <ftk-i) = 0, 
it turns out that A& < ^jjp-, with equality if, and only if, f is an eigenfunction of A&. 

Proof. The proof is based on the validity of formula (J6j) and it is completely analogous to the Riemannian 
one, for which we refer the reader to Chavel's book [7J. □ 

Theorem 1.31 (Max-Min Theorem). Let ni, n k -i £ L 2 (S,a 2n ) and let [i = inf ^W-, where f 

belongs to the subspace, less the origin, of functions in TL(S,a 2n ) orthogonal to rji, ...,r/k-i in L 2 (S,a 2n ). 
Then, for eigenvalues given in we have pi < X k . If rji, ...,r]k-i are orthonormal and each rji is an 
eigenfunction of Xi for every I = 1, ...,k — 1, then fj, — Afc. 

Proof. The proof can be done by repeating the arguments of the Riemannian case; see [7J . □ 



2 Closed eigenvalue problem for C H s on Isoperimetric Profiles 

2.1 Heisenberg Isoperimetric Profiles 

This section is devoted to study some features of the unit Isoperimetric Profile §h™ C H n . As already 
said, Isoperimetric Profiles are compact hypersurfaces, similar to ellipsoids, which turn out to be fibred by 
CC-geodesics; see also [3T]. Their importance comes from a longstanding conjecture, usually attributed to 
Pansu, stating that they minimize the .ff -perimeter among finite -ff-perimeter sets having fixed volume. In 
other words, the Isoperimetric Profile is the main (perhaps only) candidate to solve the sub-Riemannian 
isoperimetric problem in HP. There is a wide literature on this subject and many partial answers, for 
which we refer the reader to g], [10], p], [32], [21], [221 [23], [24], [25], [32], [3p|3l, [37]. In particular, 
in [37J it is shown that the conjecture is true for compact C 2 -smooth surfaces in H 1 . 
Let us preliminary state some basics about CC-geodesics in HP. By definition, CC-geodesics are horizontal 
curves which minimize the CC-distance dec between two given points. They turn out to be solutions of 
the following system of O.D.E.s: 

x = P H 

p p (~t2n+\ p 

-p2n+l = 0, 

or equivalently, we have to solve P H = P2 n +iPH, where P H — (Pi, P2n) Tl , \Ph\ = 1 and P2n+i is 
a constant parameter along the solution. We stress that P — (P H ,P2n+i) £ M 2,i+1 can be thought 
of as Lagrangian multipliers and that the previous system can be deduced by directly minimizing a 
constrained Lagrangian; see [I] and references therein, or |31] . Unlike the Riemannian case, CC-geodesics 
in H™ depend not only on the initial point a;(0) and on the initial direction P H (0), but also on the 
parameter P211+1 which is a type of curvature for the solution. Indeed, if P2«+i = 0, CC-geodesics are 
Euclidean horizontal lines, while if P2n+\ 7^ 0, every CC-geodesic x(t) starting from a fixed point xq is a 
sort of "helix"EE In this case, the horizontal projection of x(t) onto Ho = R 2n belongs to a sphere whose 
radius only depends on P2 n +i- In particular, x(t) touches the T-line through xq infinitely many times. 
However, x(t) minimizes the CC-distance from xq only on the connected subset determined by the first 
point x\ belonging to the T-line through x$. Set xo — S, x\ — N, and call them the North and South 
poles. By rotating this curve around the T-line through we obtain a closed convex hypersurface of 
constant horizontal mean curvature called Isoperimetric Profile. Below we will study some features of a 
"model" Isoperimetric Profile having barycenter at the identity E H". Of course, due to left-translations 
and dilations, this is not restrictive at all. 

11 If n = 1, x(t) is a circular helix with axis parallel to the vertical direction T and whose slope depends on P3. We stress 
that the projection of x(t) onto R 2 turns out to be a circle whose radius explicitly depends on P3. 



13 



Let p := ||z|| = y/J^i=i( x i + vf) be the (Euclidean) norm of z = (xi, yi, Xi, yi, x n , y n ) G R 2n . 
Moreover, let u : Bi(0) := {z E R 2 " : < p < 1} — > R, 

«o(p) : =^ + ^Vl-P 2 -f arcsinp (0 < p < 1); (8) 

see also OH QU [3T]. Setting §±„ := {p = exp (£,2=i( x i x i + & y <) + * T ) G H ™ : * = ±w o} we define 
the Heisenberg unit Isoperimetric Profile Sup to be the compact hypersurface obtained by gluing together 
§g„ and S]jjj„, i.e. Sup = Sjjjn U §jj[«. Since Vj{2n it = Uq'(p)-, it follows that the Euclidean unit normal 

n Eu along Sn„ is given by ni = —, Vg2 " 0,=l= ^ , from which we compute the Riemannian unit normal v. 
More precisely, we have 

(-V R 2„ U0 ±4,±1 

1/ = 



Now since 



we get that 



1+ ||V R 2„ Uo ||2 + £l 



!/„ = = = Z± Z 



|V R2 „u ||2^£ 



4 



and so 



/ 2 ~ 

Moreover, since IPh (^ ± )| = V H v « 2 ""°ll + 4 we also get that 

Vi+llv^oP+^r 



a 2 "LS±„ = 1^(^)1 a| n L§±„ = \/||V R 2„ Uo || 2 + ^ dzL £?i(0) = - — ===== </: L B, (0). 



p 



Furthermore "Hi/ = —div H v H = —In. By its own definition, we have 



tXJ = — = : = ===== = ±1 . 

I|V R 2„U + VII ^/||V Ra n«0|| 2 + ^ V^Sr 7 ? 9 

Note that grodf, y> = V R 2™<p for every function 9? : H™ : — > R independent of i. So we get 



-fc _ „± ,d Z 2 



grad H w = V R 2,.ro = ±— 2 — = =p 



2; 



"Spy p yp VpV 1 - p 2 ) p 

and hence 



'"-T^L-fccj/U ' 2 ^ ^- (9) 



9v h PV 1 -P 2 / Pv 71 - P 2 ^ ^ 

These computations will be used throughout the next sections in order to study the action of the 2nd 
order operator Cos on smooth functions defined on the unit Isoperimetric profile §h™- 
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2.2 Radial case and hypergeometric solutions 

In this paper, we will study Problem ll.29l in the case of the model Isoperimetric Profile §H"- By applying 
previous computations, we have 



Lhs <p = A«s p> — 2 ( grad H <f,\z — z 



see Section [2~T1 In the general case, we have to find C 2 S -smooth solutions on Sh™ \ {Af, S} which belong 
to the space <£(Sh™ ) of all admissible functions for the horizontal Green's formulas; see Section 11.41 In 
particular, these functions must belong to the horizontal tangent Sobolev space %(S,a'j I n ). 

Let ip : §H" — > R be the restriction of a function £p : H" — > R, i.e. ip := tp\§ B „ , and fix Euclidean 
cylindrical coordinates on H™ , i.e. (p,£,t) G K + x § 2n_1 x R, where p = \z\ and £ = A. Hereafter, the 

exponential coordinates (z, t) € R 2n+1 of each point p € H™ will be identified with the triple (p, £, i). 

Remark 2.1. Since Sh^ is the union of two T '-graphs, if p <E §w n then either p £ or p £ If 
p = (z,t) € Sg„, one must have t = ±u (p); see ([8]). Using spherical coordinates G R+ x § 2n_1 

on R 2 ", we get that any real valued function defined on § H „ can be seen as a function of the variables 
(p,£) E [0,1] x § 2 " -1 . In the sequel, for every ip : — ► R we shall set ip :— (p\ s ± and assume 

that the restrictions (p : [0, 1] x S 2 ™" 1 — > R satisfy the "compatibility" , or continuity, constraint: 
<ys + (l,£) = <y9~(l,£) for every £ £ § 2 ™ -1 . 



Because the radial symmetry of S — §n™ , in this section we shall preliminarily study the case of radial 



functions. Below, radial derivatives will be denoted by ip' := and ip" := g-f 



Notation 2.2. We set g H '■= (z,v H ) and gjf :— (z,v^-). The function g H is called horizontal support 
function associated with Sh™ . 

Under the previous assumptions, we first compute 

A„ s <p = ^2 T i(n(<p))= ^2 T i l \9 rad H<Pin) = ^2 nyp'-,n 

= Hn (£\ g H + (arad H 0^) , r A (z,n) + (2n-l) 

— ) (Hagfl + 2n - 1) + - ^ 2 - 

<P_ 
P 



v"p- 


f' 


P 2 




v"p- 




P 3 




v"p- 




P 3 



(n H g H +2n-l)+ ^ ^ r ^ (z,r,) 5 



) {lingH + 2n - 1) + ^V^(P" - -9« )■ 
P / P 3 

Using the last computation together with the identity grad H ip — ip' - yields 

£hs<p = — ) (Ha ga + 2n - 1) -\ 5 {p-g H ) + 2(p 

VP/ P P 

(<P"P -<P) , ( 9" 



P \ VP 



1- ^ \+^(n H g H +2n + l~2p'). 
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Since g H = p 2 and Ti H = — 2n, we get that 

C HS p = (V ~ -V - P 2 ) + — ((Q - 1) - Qp 2 ) = V>"(1 -P 2 ) + - (2n - (2n + l)p 2 ) . 
\ p J p p 

The last one is an interesting ordinary 2nd order differential operator of hypergeometric type. Hence, 
under our current assumptions, Problem ll.29l reduces to study a 1-dimensional eigenvalue problem 

tp"(l - p 2 ) + — (2n - (2n + l)p 2 ) = —X(p (A e K + ) (10) 

subject to the integral condition po- 2n = 0. 

Remark 2.3. Instead of tp, we will study its restrictions p^ to the North and South hemispheres §^„ 
and suppose that p ± are smooth solutions to (|10[) on ]0, 1] C R, i.e. p ± € C 2 (]0,1]). Moreover, p ± 
must satisfy the continuity constraint, i.e. <^ + (l,£) = <p~(l,t;) for every £ € § 2 ™ -1 , together with the 
integral condition J g n pcr 2n = 0. The last one can be translated into an equation involving 1-dimensional 

weighted integrals of tp . More precisely, by using the symmetry of §u™ with respect to the horizontal 
hyperplane t = 0, we get that 

,„~2n / ,„+ 2n , / , - Jin 
P a H = <P Oh + I P O h . 



Since 



we obtain 



cxg"LS*„= / dzLB^O), 
2V 1 - P 



pa^=\ p + af + / p- alT = %i / (^ + + p") (p)^== dp = 0. 

If follows that any radial function tp : Sh™ — > K belongs to T-L{S, a 2n ) if, and only if, its restrictions tp 
satisfy: 

* ±ei2 ( [M '^4 (v±) ' e£! ( [M 'i^=?*)' 

Hence, in the radial case, we can reformulate our closed eigenvalue problem as follows: 

Problem 2.4 (Radial version). Find all positive real numbers A £ R+ such that there exist functions 
p + ,ip~ £ C 2 (]0,1]) satisfying (jlip . which are non trivial solutions to: 

<p"(l -P 2 ) + ^ (2n - (2n + l)p 2 ) = -A^> (A e R+) 
<p+(l) = <p-(l) 

This one can be regarded as a Sturm-Liouville problem with mixed conditions for a hypergeometric 
O.D.E. The first step is finding the general integral of equation (fTO)) . 



'In 



Notation 2.5. Later on we will set 

where (d)k '■= r7gj^ = d(d + l)(d+2)...(d + fc— 1) andT denotes the Euler Gamma function. The series 
F(a, 6, c, z) is £/ie so-called hypergeometric series; see \44V - 
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Lemma 2.6. The general integral tp(p) := tp(ci,C2,X,p) of (jlOp is given by 



n — \J n 2 + A n + V^ 2 + A 1 2 



^(p) = ciF I ; ;2+ n ;A 



1 / 1 - n - \/?i 2 + A 1 - n + \/n 2 + A 3 2 
p^-T 1 2 ; 2 ; 2 _n;P 



Note that the second function is singular at p = 0. Further, set 



n — V« 2 + A n + vr?+A 1 2 



^l(A,p) := Fl ; ;^+n;p 



■ 1 — n — \/n 2 + A 1 — n + \Jn 2 + A 3 
^(M := j ; 2 ^~n;p 2 



A rigorous (and elementary) proof of the previous lemma uses Frobenius' method. Nevertheless, a 
more concise proof can be done by using the theory of hypergeometric functions. 

Proof of Lemma \2.6[ First, set s := p 2 on [0,1] and <p{p) := ip(p 2 ) — ip(s) for s £ [0,1]. Under this 
transformation, equation (fTOf becomes 

a (l-^ + ^( (Q - 1 2 ) - Qa )=-^. d2) 

Indeed, from the elementary identities ^'(p) = 2pip'(p 2 ), <p"(p) = Ap 2 ip"{p 2 ) + 2ip'{p 2 ), we get 

4s(l - s)?/>" + ((2n + 2)(1 - s) - s) V' = —Xiji 

and it is enough to divide by 4 and to use Q = 2n + 2. In this form our equation can be handled by 
means of the general theory of hypergeometric functions, for which we refer the reader to the book by 
Wang and Guo |44) . In particular, by using the notation of Chapter 4 in [44], the general hypergeometric 
equation (of the complex variable z) is given by 

z(l - z)ip" + (7 - (a + p + l))ip' - afiip = 0. (13) 

This equation has two linearly independent solutions, which can be written out in terms of hypergeometric 
series (see Notation 12. 5p . i.e. 

Mz) ■= P(a; /?; r, «), ^a(*) := 7^T F ( a ~ 7 + 1;0 - 7 + 1; 2 - 75*)- 
By analyzing the coefficients of equation (TT2"j) . we find that 7 = and so 

Hence 



n-\A? + A n + vr^ + A 1 

a = , p = , 7 = n H — . 

2 2 ' 2 

and the thesis easily follows. □ 

We are now in a position to solve Problem l2.4l Remind that we are looking for solutions ^ £ C 2 (]0, 1]) 
satisfying (fTT|) . So let us consider the second solution ip2- It is elementary to see that ^2 (A, p) ^ p 2*-i 
as long as p — > + because the hypergeometric series, evaluated at p — 0, takes the value 1. Therefore 
ij)2 cannot satisfy the conditions in (|11[) and we get 

i P ± (p)^ c ± M\p) pe[o,i], 

for some real constant c . We have now to use the "mixed" conditions of Problem 12.41 We see that the 
third condition, together with the continuity of (p, implies the following two possibilities: 
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(i) ip+(p) = tp (p) for every p e [0, 1]; 

(ii) (p + (p) = —<p~(p) for every p g [0, 1] and <p + {l) = </>~(l) = 0. 

Lemma 2.7. In case (i) holds, Problem \2.J\ admits a countable family of eigenvalues which are given by 
\2m 2m(2m + 2n), ragN. The eigenfunction <p2m relative to X2 m is polynomial and explicitly given, 
for some real constant c, by 

<P2m(p) ■= cF ^-m;n + m; i + n; p 2 

Proof. Since p + = tp~ on [0, 1], it is enough to write down the integral condition. Hence we have to find 
all positive real numbers A € R+ such that any non-singular solution ip to (|10p (i.e. tp = cipi(X, p) for 
some c € R) satisfies 

VKP) R f dp = 0. 

V 1 ~ P 

By using some classical results about hypergeometric series (or Mathematica) we see that 

Vi{\P)—f==dp 



It remains to solve (in the variable A > 0) the following equation: 

V^r(n + i) 



(14) 



From standard properties of the Gamma function we easily get that ^ must be a negative 
integer or 0, i.e. 



2 + n - yjn 2 + A 

= —771, 777 G 

Therefore A = 2(m + l)(2(m + 1) + 2n) for any m € N. From now on, we shall set 

A2m := 2m(2m + 2?i), m e N+. 

Remark 2.8. In this list, we have not included the eigenvalue Xq = because, as already said, the only 
eigenfunction relative to Xq is ipo — 0. 

The eigenfunction ip2m relative to the eigenvalue A2 m (m > 1) is given, up to a real constant c, by 

1 2 



P2m{p) ■■= c-0i(A 2m , p) = cF ^-777; n + m:-+n;p 

From the general theory of hypergeometric series it follows that P2m is a polynomial function. By 
construction, p> 2 m = ftm = %m an( i we nave 

p 2n 

P2m(p)—7==dp = 0. 

V 1 

□ 

Lemma 2.9. In case (ii) holds, Problem \2.4\ admits a countable family of eigenvalues which are given 
by X2m+i '•= (2m + 1) ((2m + 1) + 2n) , m £ N. The eigenfunction p2m+i relative to X2 m +i is the 
hypergeometric function given by 

„ ( 1 11 2 

P>2rn+i(p) := cF I — m — -;r7 + 777 + -; - +n;p 

/or some reo/ constant c. Furthermore, we have tpim+i — ftm+i on ^h»j ( /'2m+i = f2m+i 0,2 ^h™ 
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Proof. We are assuming that (p + = —tp~ on [0,1] and that <p + (l) = — f~0-) = 0. So we have to 
find all positive real numbers A 6 K + such that any pair of non-singular solutions <fr- to (|10[) (i.e. 
(f^ = c ± ijji(X,p), for some S K) satisfies: 

V j+(1) = -^-(1) = 0. 

In particular, we get that c + = — c _ and it remains to solve (in the variable A > 0) the equation 
ipi(\,p) = 0, i.e. 



F ( 



n — \ln 2 + A n + \/n 2 + A 1 



-+n;l =0 



2 ' 2 '2 
We recall that a classical result about hypergeometric series states that 



'(a,/3,7,l) 



r( 7 )r( 7 -a-/?) 
r( 7 -a)r( 7 -/3) 



as long as 3?(7 — a — /?) > 0; see [H] Chapter 4.7, p. 156. Note that 7 — a — (3 = \ > 0. So we have to 
find the values A such that 

r( 7 )r(7-a-/?) _ n 

r( 7 -a)r( 7 -fl - a (15) 

The general theory of the Gamma function (see [H], Chapter 3) says that this equation can be solved if, 
and only if, 7 — a or 7 — j3 are negative integers, or 0. This in turn implies 



n + l — Vn 2 + A 
7 — p = = — m, m G it 

So we get A2m+i := (2m + l)(2m + 1 + 2n), m e N. The eigenfunction <p2m+i relative to the eigenvalue 
A2m+i (m € N) is given, up to a real constant c, by 

¥>2m+i(p) := <y0i(A 2m +i,p) = cF f-m - i;n + m+ ^;i+n;p 2 

The last one is a hypergeometric function and, by construction, V?2m+i = — V^m+v Therefore 

Wm+l + Vlm+l) (p) r, f d P = °- ( 16 ) 

v 1 -/> 

□ 

Theorem 2.10. Problem \2.J\ admits a countable family of positive real eigenvalues 

A fe := fc(fc + 2n), k e N. 

-Eacft eigenvalue Xk has multiplicity 1 and its associated eigenfunction ip^, up to real constants, is a 
hypergeometric function. More precisely, we have the following: 

(i) if k = 2m, the eigenfunction <p% m associated with A2 m is the hypergeometric polynomial given by 

</?2m(p) := cF ^-m; n + m; i + n; p 2 
for some real constant c. Moreover, <p2m = ftm = fim an< ^ 

f2m(p)—7==dp = 0. 

v 1 -p 

(ii) if k = 2m + 1, the eigenfunction <p2m+i associated with A2m+i is the hypergeometric function 

. * f 1 11 2 

f2 m +i(P) ■= cF I -m - -;n + m+ -; - + n;p 
for some real constant c. Moreover, (f^m+i = — f^m+i an< ^ CHJ holds true. 
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Proof. Applying Lemma 12.71 and Lemma 12.91 □ 

Corollary 2.11. Up to real constants, the eigenfunction tpi associated with the first eigenvalue \± = Q — l 
of Problem\2.4\ is given by 



<Pi(p) = yl — p 2 for every p G [0, 1]. 
Proof. This follows from (ii), by using the identity 

(l + zr = F(-a,[3,(3,-z), 
and by setting a — \ and z — —p 2 ; see, for instance, [44], p. 137, formula (10). □ 
Remark 2.12. Let S C H ra be a smooth compact hypersurface without boundary. We stress that 

Vzip) ■= (2n - 1) + H„ g„ - wgi, 

is a zero-mean function, i.e. J s <p2 0~ 2n — 0, where g H — {z,v H ) and g„ = (z,v^). Furthermore if 
S = §H"; then <fi2(p) = (Q— l)~Q/0 2 turns out to be radial. We also stress that, in this case, the function 
if2 is, up to real constants, the 2nd radial eigenfunction of Problem \2.J\ corresponding to X2 = 2Q. 

2.3 Some remarks about the general case 

Warning 2.13. From now on, when we refer to Problem \1.29\ it is understood that S = §h™- 

Remark 2.14. As already said, any function ip : §h™ \ {A/ - , S} — > R can be regarded as a restriction of 
some function tp : H™ — > R. Moreover, §h™ = §wn USg„ and the hemispheres §^„ are the radial T -graphs 
given by t = ±uo(p), where p = \z\, z G -Bi(O), and uq was defined by formula ([8]). By introducing polar 
coordinate^ G M+ U {0} x S 2 ™" 1 xR onW n and by setting 

it follows that ip := (p o only depends on the variables (p, £). 
Remember also that 

dip 

Ahs ip — A H <p + Hh 7j (HesSfj Lpv H ,v H ); 



see Lemma Tl. 151 So if Lp ± = <p o $ ± : £?i(0) \ {0} — > R, by a simple computation we get that: 
. §^ = ±(V R 2^±,(z± K ^)), 

H 

• (Hessjj y> v H , v H ) = (Hess R 2„i y 9 ± (z ± kz ), (z ± kz )), 



a _ 2 

where i/^ = £ ± kz 1 and we have set n(p) :— — . Because the symmetry of §nn with respect to 

the horizontal hyperplane -ffo = R 2 ™, we will carry out the computations only for the north hemisphere 
§g re \ {A/ - }. For brevity, set <p = <p + and v H = 2/+. We have 

A HS ip = A R 2„^ - 2 "-(^ + k J~t) _ (Hessif(/3i^,^) , 

where we have used Hh |s h „ = — 2n. Since 

„ f dip d(p \ 

C hsIP = A hs(P + 2k[k—--^ i ), 



we obtain 



= A R 2 re(/ 3- 2(n- k 2 )— - Qk^— j- - (HesSfftp^,^) . (17) 



12 This means that we are fixing "ordinary" spherical coordinates (p, £) £ U {0} X § 2 ™ 1 on R 2 ™ = Ho and so 2 £ 
corresponds to (p, f) £ R+ U {0} X S 2 ™- 1 . 
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Notation 2.15. Set 



( := — e TS 2n -\ 
P 



Hereafter, either ^ or ip' p , will denote the 1st partial derivative of tp with respect to the variable p = \z\. 
Moreover, either ^ or ip'^ will denote the 1st partial derivative of tp with respect to the "angular" variable 
Q. An analogous notation will be used for 2nd partial derivatives. 



Lemma 2.16. We have div T §i n -iQ = 0. 
Proof. We claim that 

2n 



div TS 2n-i( = div R 2n(- ^2 {^grad R 2n.Q, -J ^-,e 



z 



where (i — (£, e^) for i = 1, .., 2n. The last formula easily follows by using definitions. Now the first term 
vanishes because div^nz 1 - = 0. Using 



1 ^9*1^1 1 

4 ' 



P P 

yields 

"jh (^grad R2n Q, ~) ( ~ n ^i) = ( ^k 2 "C^ = 0- 



dv% dv H \ dz i 

dv H \ dp d( 

— (p^f. + J~\ - p 2 ^] + k——— ( p— + yf l- p 2 — 
dz \ dp dC, J dz 1 - \ dp d( 

9 ( 9 V , /l 2 d( fi\ , /l 2 9 ( 9< P i ft 2 9 f> 



From this we easily get that 



d 2( P 2 // , / ? 

1K =PIPPP + PIPP ~V^P- 



On the other hand, using some computations made in Section [2.11 yields 

grad HS m _ z H s 
w ~V (1 _ p2) " 



□ 



Lemma 2.17. Under the previous assumptions, one has 

(Hess„ ipv n ,v H )= p 2 ip" p + (1 - p 2 W P c + pV 1 - PV"c H — <Pp - V 1 - pVc 

Proof. By using Lemma 11.171 we have 

/T j \ 92 f , / grad HS w \ dip 

{Hes8 H <pv H ,v ) = — -r + ( ,grad HS (p ) - w— r . (18) 

We compute 

d 2 ip d (dip d<p 



p\" PP + Pv' P ~ ~7==^ + 2pv / WV", + (1 - p 2 )< c . (19) 
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Moreover, one has 

Zhs = z — (z, v H )v H = z — p 2 v H = z(l - p 2 ) - py/l - p 2 z ± . 

Therefore 



/ grad HS zu \ dip 



= -M + 2 \ z -Kz)\,grad H ip) 

l-2p 2 , l-2p 2 , 

Using (TT5]), (TT9)) and the last computation yields 

(HessH <pv B ,v H ) 

2 II i I P 2 I i o /I 2 // 1/1 2\ // , 1 — ^p 2 1 1 — 2p 2 , 

= P <P PP + P^Pp ?; „ <P C + Wl - P^Cp + I 1 - P + /-, o ^C 

V 1 ~ P p V 1 - P 

= p 2 ^" p + (1 - P 2 WU + 2pVT^?<pI + X —^v P VWVc 

which achieves the proof. 

Remind that the Euclidean Laplace operator in spherical coordinates is given by 

1 d 



p2n + ^ As2n - 1 ^ S2 "- 1 w)> 



p 2 "- 1 dp 

where A§2n-i denotes the Laplacian on the Sphere § 2n_1 . For the sake of simplicity, we will set 

A S 2n-l(f = As2n-l(^| S 2n-l( /3 )). 

In particular, we have 

2n-l . 1 . 

A R 2„(^ = ip H 93 + — A S 2«-i<p. 

p ' p £ 

From ([T7| , Lemma 12.171 and the last formula we finally obtain 

Cos f = A R 2„ <p - 2p(n - K 2 )ip' p - Qpntp't- - (HessH ipv H ,v H ) 

= v"pp + ^J^-^'p + "T^ 2 "- 1 ^ - 2p(n - k 2 )^ - QVl-pVc 

- (pV p ' + (i - pV« + 2p^~7<pI + 1 —^^'p v / WM 

= (i-P 2 K P+ 2n ' (2 ; +1)p V P -2 P yi-7^ 

+^A§ 2 „-i ¥3 - (1 - P V C 'c - (Q - l)Vl~P 2 ^- 
We resume the previous computations in the next: 
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Proposition 2.18. Let tp : i?i(0) \ {0} — > R be a C 2 -smooth function; then the operator Chs takes the 
following form: 

c HSV = (i - P 2 w PP + 2n = {2n n + l)p2 4 - wwtyp, 

V ^ Mixed Derivatives 

Radial Operator 

+ iApn-i^ - (1 - p 2 )^ - (Q - l)Vl-pVc ■ (20) 

V v ' 

Angular Operator 

Equivalently, one has 

C„s Lp = (1 - p 2 ) (A R 2„(y9 - (p" ( ) - 2p\J\ — p 2 (p" p + A S 2„-iV3 

2nd order part 

-2p^-(Q-l)Vl-pV C - (21) 



1st order part 

Proof. In order to prove formula (|21l) . it is enough using ([2U)l together with the obvious identity 

2n - 1 , 1 

p p P 2 



(1 - p 2 )A R2 „<p = (1 - p 2 ) ( y" pp + ^ + — A S 2„-i ¥ > 



□ 



Remark 2.19 (Case H 1 ). If n = 1, /ii poZar coordinates on M. 2 , i.e. (p, $) € R+ x [0,27r] so i/iai 
z = (x, y) = (pcos$, psinz?) G R 2 . applying Chain Rule, we get that 

dip 1 dtp d 2 ip 1 ft 2 ^ 

ac = p ft?' ac 2 " = p 2 ft? 2 

/or every smooth function ip : R 2 — >■ R. We afoo stress that 

„ d 2 ip 1 ft> 

ify using (|2ip. we compute 



C HS ip = (1 - p 2 )A R2 <p - 2pVl - P 2 ^' p + pVcc ~ W„ - Vl - pV< 



= (1 - p 2 )A R2 y - 2^/1 - P 2 ^ P + ~ 2p y ; - 3 v — (22) 
Equivalently, by expressing the Laplacian A R2 m polar coordinates, we see that 



Cnsip = (1 - p 2 )<p" pp - 2a/1 - pVg P + + 2 ^ P ^ P <Pfl. (23) 

TTie operator Chs turns out to be "strictly non- elliptic" . In fact, the determinant of the (2 x 2)-matrix 
associated with the 2nd order coefficients is zero at every point of -Bi(O) \ {0}. In particular, by using 
(jlTl) , we easily see that the 2nd order part of Chs f is given by 

A R2 ^ - (Hess R 2 ipv H ,v H ) = (v 2 ) 2 ^ + (^) 2 - H»l^ 

where v„ — (v 1 ,v 2 ). Since the matrix 

{v 2 ) 2 -iAv 1 
-i/V [ylY 

H H \ U ' 



has eigenvalues and 1 at every point of £?i(0) \ {0}, it follows that Chs is of "parabolic-type". 
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Our final remarks concern "purely angular" functions. So let tp : -Bi(O) \ {0} — > R be such that 
^2 — 0. In case of purely angular functions, Proposition 12. 181 says that 

Chs^ = -^A^tp- (1 - p 2 )^ - (Q - 1)V1-pV C - (24) 



Therefore, the eigenvalue equation becomes 



^A^n-^- (1 - pV C 'c - (Q - l)VWVf = — A^J. (25) 



After multiplying both members of (1251) by p 2 , we have 



A sa „-i^ - p 2 (l - p 2 )^' c - (Q - 1)pV1-pV c = -ApV- (26) 
Lemma 2.20. There exists no non-trivial purely angular solution to Problem ! 1.291 
Proof. By contradiction. Changing the sign and differentiating ([26|i with respect to p, yields 



2 - 3o 2 

2p(l - 2p 2 K' + Q -Z-tpf = 2\p<p. 

Hi 

For a fixed p €]0, 1], the last one is a 2nd order O.D.E. whose general solution must depend on p. This 
contradicts the fact that <p was assumed to be purely angular. □ 



Remark 2.21. Let tpi be the i-th radial eigenfunction of Problem \2.4\ associated with Xi and let p be an 
angular function. Note that 

Chs (<Pip) = Chs (<Pi)li + <PiChs (p) + 2(grad HS ipi, grad HS p) . 

Assume that ip := tpj /i is a solution of Problem \1.29\ associated with X. Then, by applying the previous 



formula we obtain I I 

Xnpifj, + ipi |^A S 2„-ip - (1 - p 2 )p" c - (Q - - p 2 p' f | -2py/l - p 2 (^)pMc = -A(piM- 

V v ' 

=Chs M 

So let p g]0, 1[ be such that ipi(p) ^ 0. The previous equation gives 



£ H sp- 2 p c = — (A - Aijp. 

Multiplying by — p and integrating the resulting equation along Sjjn with respect to yields 



/ \grad HS p\ 2 a 2 H n + / I 

J Sen. J Sh 71 y 



(^)>Vl-P 2 ^ d{p 2 ) 2n , , 2 „ 

a„ = (A - Ai) p a H . 



Furthermore, note that 



=0 

where we have used the Divergence Theorem for the Sphere § 2 ™ -1 together with Lemma \2.1b\ This implies 
that 

f \grad HS p| 2 a 2 ' 1 = (A - A,) f p 2 a 2 ", 

from which one obtains A > A;. The last equation says that p must be an eigenfunction of C H s on Sun 
with eigenvalue (A — Aj). By Lemma \2.2(A the only possibility is X — Aj. It follows from Provosition 1 1 . 2$\ 
that p must be constant. 



13 One uses also the following 



2(grad HS tp i: grad HS fi) = -2^f^^- = -2 / (ifii)'- , z + kz 1 -) (V R n/i, z + kz^) = -2pV 1 - P 2 { i Pi)' p n'c- 
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The last remark shows how more general solutions cannot be found in a too simple way. A possible 
strategy could be to use multiple Fourier series. 



Proposition 2.22. The spectrum of Problem\2.4\ is contained in the spectrum of Problem l 1 . 29i 



Proof. Let i^bea smooth solution of Problem [L29] and fix spherical coordinates (p, £) G [0, 1] x S 2 "" 1 . In 
particular, we are assuming that <p solves the equation Chs <p — —X<p. Set <po(p) := /o2 n -i f{Pi £)da$m-i (£). 
Roughly speaking, ipo is the spherical mean of ip and hence a radial function. 
At this point, the proof will immediately follow from the next: 

Claim 2.23. Let ipo 0. Then the function ipo is an eigenfunction of Problem \2.4\ associated with A. 
Proof of Claim \2.23\ First, note that 

¥>o4" = / / <P (da- s2n -iA* H n ) = [ ( [ pa 2 H n ) da^-i = 0. 

Sun JS M n. Js 2 "- 1 Js 2 "- 1 WSh" ' 



By making use of (|20l) we have 

Cns<p = {l-p)(p pp -\ ip p -2p^l-p 2 tp Cp 

+1a §2 „-^ - (1 - pV« - (Q - i)Vi-pVc- 

Integrating this expression along S 2n_1 , using Lemma [2.161 and the Divergence Theorem for the Sphere 
S 2 "- 1 , yields 



/ 

Js 2 



Furthermore, one has 



= {1 - P) ^ + ~p -W 



... „ 2n-{2n+l)p 2 ,\ , 



So we finally get that 



Chs^po = / Chs if da§2 n -i = —A / (pdcr&in.-i = — \<po 

which proves Claim [2~23l □ 

□ 

Remark 2.24 (Question). If p denotes the 1st eigenvalue of Problem l 1 . 29\ then is it true that p = Q — l? 
Roughly speaking, is the 1st eigenvalue of Problem \1.29\ equal to the first eigenvalue of Problem \2.4\ ? 

We now state a lemma which is well-known in the classical setting; see |14j . 

Lemma 2.25. Let S C EP be a hypersurface of class C 2 and let Q C S be any bounded open domain. If 
there exists a function ip > on Q satisfying the equation Chs^Jj — qi/j> then 

(\grad HS ip\ 2 + qip 2 ) a 2 " > 

for all smooth function ip compactly supported on Vt. 
For a proof, see [50] . 
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Corollary 2.26. Let fl <e SjJ„ or fi (e S M „ . Then, the following inequality holds 

I {\grad„ s y\ 2 -{Q-l) V 2 ) cr 2 H n >0 
Jn 

for all smooth function ip compactly supported on Q. 



Proof. Setting q = — (Q — 1), the thesis follows by applying Lemma [2.251 with the choice ip = y/l — p 2 

□ 

Another easy consequence of Lemma 12.251 is contained in the next: 



Corollary 2.27. Let us set §* := |p = cxp(z,t) e §h™ : p = \z\ > y Th en, for every S]g§' the 

following inequality holds 

f (\grad HS p\ 2 -2Qp 2 ) a 2 H n > 
Jn 

for all smooth function (p compactly supported on tt. 

Proof. Let q = —2Q. Note that the function ip :— (p%{p) = Qp 2 — (Q — 1) is strictly positive on every 
open subset fi <s S*. Since £ H si/j = qip, the thesis follows by applying Lemma T2.25I □ 

In the inequalities of both Corollary 12.261 and Corollary 12.271 the function ip is not necessarily zero- 
mean. In other words, we do not require the validity of the condition J^pa 2n = 0. Therefore, these 
inequalities are stronger than what one might expect: this seems to suggest a positive answer to the 
question stated in Remark 12.241 However, a multiple Fourier series approach seems unavoidable in order 
to give a rigorous proof. 
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